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Electronic states and the Aharonov-Bohm effect in ZnO quantum dot-ring nanostructures con-
taining few interacting electrons reveal several unique features. We have shown here that in contrast
to the dot-rings made of conventional semiconductors, such as InAs or GaAs, the dot-rings in ZnO
heterojunctions demonstrate several unique characteristics due to the unusual properties of quantum
dots and rings in ZnO. In particular the energy spectra of the ZnO dot-ring and the Aharnov-Bohm
oscillations are strongly dependant on the electron number in the dot or in the ring. Therefore even
small changes of the confinement potential, sizes of the dot-ring or the magnetic field can drastically
change the energy spectra and the behavior of Aharonov-Bohm oscillations in the system. Due
to this interesting phenomena it is possible to effectively control with high accuracy the electron
charge and spin distribution inside the dot-ring structure. This controlling can be achieved either
by changing the magnetic field or the confinement potentials.
Self-assembled semiconductor quantum nanostruc-
tures, such as quantum dots (QDs) and quantum rings
(QRs) have been investigated extensively given their po-
tential as building blocks for novel optoelectronic devices,
e.g. nanoemitters, efficient solar cells, terahertz detectors
and for quantum information technologies [1–4]. The po-
tential of these nanostrcutures is based on their remark-
able similarity to atomic systems. Furthermore, what
makes these nanostructures so attractive is the ability
to tune their optoelectronic properties by carefully de-
signing their size, composition, strain and shape. In this
context, QRs with their doubly-connected structure at-
tracts special attention. Its unique topological structure
provides a rich variety of fascinating physical phenom-
ena in this system. Observation of the Aharonov-Bohm
(AB) oscillations [5] and the persistent current [6] in
small semiconductor QRs, and recent experimental real-
ization of QRs with only a few electrons [7, 8] have made
QRs an attractive topic of experimental and theoretical
studies for various quantum effects in these quasi-one-
dimensional systems [9].
Recently we have witnessed an increasing demand for
the realization of complex quantum confined systems,
such as laterally coupled QDs, QRs and also quantum
dot-ring (QDR) complexes [10–12], for both practical ap-
plications and fundamental studies, including geometri-
cal quantum phase [13], spin-spin interactions [14] and
quantum state couplings [15]. Due to the unique topol-
ogy of the QDR structures and their potential applica-
tions, the theoretical investigation of QDR’s properties
has received much attention in recent years. A few-
electron system confined in a QDR in the presence of
an external magnetic field shows that the distribution
of electrons between the dot and the ring is influenced
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by the relative strength of the dot-ring confinement and
the magnetic field which induces transitions of electrons
between the two parts of the system [16]. These transi-
tions are accompanied by changes in the periodicity of
the AB oscillations. It has been recently shown [17–
19] that many measurable properties of a QDRs, such
as spin relaxation or optical absorption, can be signifi-
cantly changed by modifying the confinement potentials,
which demonstrates the high controllability and flexibil-
ity of these systems. The transport properties of QDR
nanostructures are also known to be drastically modified
due to the unique geometry [20]. Theoretical studies of
the dc current through a QDR in the Coulomb block-
ade regime have revealed that it can efficiently work as a
single-electron transistor or a current rectifier. In our re-
cent works the electronic and optical properties of QDRs
with hydrogenic donor impurity were investigated in ex-
ternal electric and magnetic fields [21–23]
In the past few years, very exciting developments have
taken place with the creation of high-mobility 2DEG in
heterostructures involving insulating complex oxides [24].
Unlike in traditional semiconductors, electrons in these
systems are strongly correlated [25]. These should then
exhibit effects ranging from strong electron correlations,
magnetism, interface superconductivity, tunable metal-
insulator transitions, among others, and of course, the
exciting possibility of all-oxide electronic devices. Many
surprising results were found in the fractional quantum
Hall states [26] discovered in the MgZnO/ZnO hetero-
junction [27, 28], in particular, in tilted magnetic fields
[27, 29, 30]. Preparation of various nanostructures, such
as nanorings, nanobelts, etc. have been reported in
ZnO [31]. In our earlier reports, electronic, optical and
magnetic properties of ZnO QDs and QRs were inves-
tigated [32, 33]. We have shown that for both systems
the electron-electron interaction effects are much stronger
then in traditional semiconductor quantum systems, such
as InAs or GaAs. On the other hand the AB effect in a
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FIG. 1: The schematic picture of QDR confinement potential.
ZnO QR strongly depends on the electron number [33].
In fact, for two electrons in the ZnO ring, the AB oscilla-
tions become aperiodic, while for three electrons the AB
oscillations completely disappear. Therefore, unlike in
conventional quantum ring topology, here the AB effect
(and the resulting persistent current) can be controlled
by varying the electron number. Taking into account
these surprising and interesting results, here we report
on our studies of the electronic states and the AB effect
in a ZnO QDR containing few electrons. We have shown
that in such systems it is possible to control with high
accuracy the electron charge and spin inside the dot or
the ring at the single-electron level.
Our present study involves a two dimensional quan-
tum dot-ring structure with cylindrical symmetry, based
on the 2DEG at the ZnO interface, containing few inter-
acting electrons, in a magnetic field that is applied in the
growth direction. The Hamiltonian of our system is
H =
N
e∑
i
HiSP +
1
2
N
e∑
i6=j
Vij , (1)
where Ne is the number of electrons in the QDR, Vij =
e2/ǫ
∣∣ri − rj
∣∣ is the Coulomb interaction term, with di-
electric constant of the material ǫ, and H
SP
is the single-
particle Hamiltonian in the presence of an external per-
pendicular magnetic field.
HSP =
1
2m
(
p−
e
c
A
)2
+ Vconf(r) +
1
2
gµBBσz , (2)
where A = B/2(−y, x, 0) is the vector potential, and m
is the electron effective mass. The last term of (2) is
the Zeeman splitting. We choose the confinement poten-
tial of the QDR consisting of double parabolas [16, 23].
V
conf
(r) = min
[
1
2
mω2
d
r2, 1
2
mω2r (r −R)
2
]
, where ω
d
and
ωr are the parameters describing the strength of the con-
finement potential and also the sizes of the dot and the
ring respectively. The radius of the ring R is defined as
the sum of oscillator lengths for the dot and ring related
wells and the barrier thickness d between dot and ring ac-
cording to R =
√
2~/mωd+
√
2~/mωr+ d. In Fig. 1 the
QDR confinement potential is presented schematically.
The eigenfunctions and the eigenenergies of the single-
electron Hamiltonian (2) can be obtained with the help
of the exact diagonalization technique, with the basis of
wave functions of the cylindrical QD with larger radius.
We have used the exact diagonalization scheme also to
calculate the energy spectra and wave functions of few-
electron QDR. This method is very accurate and widely
used by many authors [1]. In order to evaluate the en-
ergy spectrum of the many-electron system, we need to
digonalize the matrix of the Hamiltonian (1) in a basis
of the Slater determinants constructed from the single-
electron wave functions [33]. In our model we have used
132 single-electron basis states. As a result we got 8646
two-electron states and 374660 three-electron basis states
which is adequate for determining the first few energy
eigenvalues for each value of the total angular momen-
tum of electrons with high accuracy.
In order to determine the average electron numbers
in the dot or in the ring we have also studied the elec-
tron densities for few-electron states in the QDR ρ(r) =∫
dr2dr3 . . . |Ψi(r, r2, r3, . . .)|
2, where Ψi(r, r2, r3, . . .) is
the wave function of the few-electron state i. For the av-
erage electron number in the dot region of QDR we get
N
dot
=
∫ d
0
0
∫ 2pi
0
ρ(r)rdrdϕ, where d0 = ωrR/(ωd + ωr) is
the radius of the border between the dot and the ring.
Our investigations were carried out for the ZnO QDR
with parameters m = 0.24m0, g = 4.3, ǫ = 8.5 [34]. In
Fig. 2(a) The magnetic field dependence of the first few
energy levels are presented for two-electron QDR with
~ω
d
= 2 meV, ~ωr = 8 meV, d = 10 nm for various values
of the total angular momenta L. In Fig. 2(b) correspond-
ing ground state average electron number in the dot (left
scale, red line) and the ground state angular momentum
(right scale, blue line) are presented. From these figures
it is clear that for all values of the magnetic field, both
electrons are localized in the dot region and the ground
state behaves like in a two-electron single QD [32]. For
weak values of the magnetic field the ground state is a
singlet state with angular momentum L = 0 and total
spin S = 0. With the increase of the magnetic field, at
B ≈ 3.5T, a singlet-triplet transition of the ground state
is observed to the state L = −1, S = −1. Similar results
are presented also in Fig. 2(c) and (d) but for ~ω
d
= 3
meV. In this case again for weak values of the magnetic
field both electrons are located in the dot region, but
starting from B ≈ 2.2T one of the electrons moves to
the ring region (Fig. 2(d) red line) and the ground state
changes to the triplet state L = −2, S = −1. Starting
from 2.2T the behavior of the energy spectra in Fig. 2(c)
changes drastically and the regular periodic AB oscilla-
tions of the ground state can be observed with periodic
change of the total angular momentum by ∆L = 1. This
result is qualitatively similar to the case of one-electron
ZnO QR, observed in our previous work [33], but in con-
trast to that now all AB oscillations occur between the
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FIG. 2: Magnetic field dependencies of two-electron energy spectra, the corresponding average electron number in the dot (left
scales of lower row) and the ground state angular momenta (right scales of lower row) for ~ωd = 2 meV (a),(b) and for ~ωd = 3
meV(c),(d). All results are for ~ωr = 8 meV and d = 10 nm.
triplet states.
Figure 3 is the same as Fig. 2 but for a fixed value of
~ω
d
= 4 meV and for two values of the ring confinement
parameter ~ωr = 4 meV (Fig. 3(a) and (b)) and ~ωr = 8
meV (Fig. 3(c) and (d)). For ~ωr = 4 meV both elec-
trons are localized in the ring (Fig. 3(b)) and the energy
spectra is similar to the one of the two-electron ZnO QR
previously observed in [33]. In this case irregular AB
oscillations are observed which is typical for ZnO QRs.
Due to the combined effect of the strong Zeeman splitting
and the strong Coulomb interaction in ZnO, the singlet-
triplet crossings disappear from the ground state. For
small magnetic fields the ground state is a singlet with
L = 0. With an increase of the magnetic field the ground
state changes to a triplet with L = −1 and S = −1. With
further increase of the magnetic field all the observed
crossings of the ground state correspond to triplet-triplet
transitions between the states with odd number of to-
tal angular momentum (|L| = 1, 3, 5...). With the in-
crease of ~ωr one of the electrons moves to the dot region
(Fig. 3(d)) while the other remains in the ring. In this
case the magnetic field almost does not change the aver-
age electron number in the dot, and therefore we observe
almost regular AB oscillations similar to ZnO QR with
one electron (Fig. 3(c)).
The energy spectra and average electron numbers in
the dot region are presented in Fig. 4 against the mag-
netic field for a QDR containing three electrons for fixed
value of ~ωr = 8 meV and for various values of ~ωd. For
~ω
d
= 2 meV (Fig. 4(a) and (b)) and for weak magnetic
fields all three electrons are mostly located in the dot
region, the ground state is L = −1, S = −1/2 and AB
oscillations are not observed. But at B ≈ 4T one of the
electrons moves to the ring region and the ground state
changes to L = −4, S = −3/2. Starting from B ≈ 4T
the usual AB effect appears.
For ~ω
d
= 3 meV (Fig. 4(c) and (d)) without the mag-
netic field, only two electrons are located in the dot and
one in the ring region. With an increase of the magnetic
field we can observe a charge switching between the dot
and the ring of the QDR. At B ≈ 2.1T the electron num-
ber in the dot changes to 1 and the irregular AB effect is
observed with odd angular momenta |L| = 3, 5....
Finally, for ~ω
d
= 4 meV (Fig. 4(e) and (f)) and for all
observed range of the magnetic field, only one electron is
located in the dot region and the other two stays in the
ring. Therefore, in Fig. 4(e) the irregular AB oscillations
are observed for the ground state, similar to the case of
two-electron ZnO QR, as we found earlier [33].
To summarize: we have studied the electronic states
and the Aharonov-Bohm effect in ZnO quantum dot-ring
nanostructures containing few electrons. We have shown
that in contrast to QDRs of conventional semiconductors,
such as InAs or GaAs, QDRs in ZnO heterojunctions
demonstrate several unique characteristics. In particular
the energy spectra of the ZnO QDR and the Aharnov-
Bohm oscillations are strongly dependant on the electron
number in the dot or in the ring. Therefore even small
changes of the confinement potential, sizes of the dot-ring
or magnetic field can drastically change the energy spec-
tra and the behavior of Aharonov-Bohm oscillations in
the system. Due to this interesting phenomena it is pos-
sible to effectively control with high accuracy the electron
charge and spin distribution inside the dot-ring structure.
These unique properties will certainly have important im-
plications for possible applications in spintronic devices
and quantum information technologies.
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FIG. 3: Magnetic field dependencies of two-electron energy spectra, corresponding average electron number in the dot (left
scale of lower row) and ground state angular momenta (right scales of lower row) for ~ωr = 4 meV (a),(b) and for ~ωr = 8
meV(c),(d). All results are for ~ωd = 4 meV and d = 10 nm.
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FIG. 4: Magnetic field dependencies of three-electron energy spectra, corresponding average electron number in the dot (left
scales of lower row) and ground state angular momenta (right scales of lower row) for ~ωd = 2meV (a),(b), for ~ωd = 3meV(c),(d)
and for ~ωd = 4meV(e),(f). All results are for ~ωr = 8meV and d = 10nm.
[1] T. Chakraborty, Quantum Dots (Elsevier, Amsterdam
1999)
[2] P. Michler, A. Kiraz, C. Becher, W.V. Schoenfeld, P.M.
Petroff, L. Zhang, E. Hu, A. Imamoglu, Science 290,
2282 (2000).
[3] X. Li, Y. Wu, D. Steel, D. Gammon, T.H. Stievater, D.S.
Katzer, D. Park, C. Piermarocchi, L.J. Sham, Science
301, 809 (2003).
[4] V.M. Fomin, Physics of Quantum Rings (Springer-
Verlag, Berlin, Heidelberg, 2014).
[5] Y. Aharonov, D. Bohm, Phys. Rev. 115, 485 (1959).
[6] M. Bu¨ttiker, Y. Imry, R. Landauer, Phys. Lett. A 96,
365 (1983).
[7] A. Lorke, et. al, Phys. Rev. Lett. 84, 2223 (2000).
[8] U.F. Keyser, C. Fu¨hner, S. Borck, R.J. Haug, M. Bichler,
G. Abstreiter, and W. Wegscheider, Phys. Rev. Lett. 90,
196601 (2003); A. Fuhrer, S. Lu¨scher T. Ihn, T. Heinzel1,
K. Ensslin, W. Wegscheider, M. Bichler, Nature 413, 822
(2001).
[9] T. Chakraborty, Adv. in Solid State Phys. 43, 79,(2003);
S. Viefers, P. Koskinen, P. Singha Deo, M. Manninen,
Physica E 21, 1 (2004); P. Pietila¨inen, T. Chakraborty,
Solid State Commun. 87, 809 (1993); K Niemela¨, P
Pietila¨inen, P Hyvo¨nen, T. Chakraborty, EPL (Euro-
5physics Letters) 36, 533 (1996); T. Chakraborty, P.
Pietila¨inen, Phys. Rev. B 50, 8460 (1994).
[10] L. Meier, A. Fuhrer, T. Ihn, K. Ensslin, W. Wegscheider,
M. Bichler, Phys. Rev. B 69, 241302(R) (2004).
[11] S. Kiravittaya, A. Rastelli, O.G. Schmidt, Rep. Prog.
Phys. 72, 046502 (2009).
[12] S. Somaschini, S. Bietti, N. Koguchi, S. Sanguinetti, Nan-
otechnology 22, 185602 (2011).
[13] R. Capozza, D. Giuliano, P. Lucignano, A. Tagliacozzo,
Phys. Rev. Lett. 95, 226803 (2005).
[14] Y. Saiga, D. Hirashima, J. Usukura, Phys. Rev. B 75,
045343 (2007).
[15] L. Dias da Silva, J. Villas-Boˆas, S. Ulloa, Phys. Rev. B
76, 155306 (2007).
[16] B. Szafran, F.M. Peeters, S. Bednarek, Phys. Rev. B 70,
125310 (2004).
[17] E. Zipper, M. Kurpas, M.M. Mas´ka, New J. Phys. 14,
093029 (2012).
[18] A. Biborski, A.P. Ka¸dzielawa, A.Gorczyca-Goraj, E. Zip-
per, M.M. Mas´ka, J. Spa lek, Sci. Rep. 6 29887 (2016).
[19] M. Kurpas, B. Ke¸dzierska, I. Janus-Zygmunt, M.M.
Mas´ka, E. Zipper, Acta. Phys. Pol. A 126, A-20 (2014).
[20] M. Kurpas, B. Ke¸dzierska, I. Janus-Zygmunt, A.
Gorczyca-Goraj, E. Wach, E. Zipper, M.M. Mas´ka, J.
Phys.: Condens. Matter 27, 265801 (2015).
[21] M.G. Barseghyan, Physica E 69, 219 (2015).
[22] M.G. Barseghyan, H.M. Baghramyan, D. Laroze,J. Bra-
gard, A.A. Kirakosyan, Physica E 74, 421 (2015).
[23] M.G. Barseghyan, A.Kh. Manaselyan, D. Laroze, A.A.
Kirakosyan, Physica E 81, 31 (2016).
[24] A. Tsukazaki, A. Ohtomo, T. Kita, Y. Ohno, H. Ohno,
M. Kawasaki, Science 315, 1388 (2007); A. Tsukazaki, S.
Akasaka, K. Nakahara, Y. Ohno, H. Ohno, D. Maryenko,
A. Ohtomo, M. Kawasaki, Nature Materials 9, 889
(2010).
[25] J. Mannhart, D.G. Schlom, Science 327, 1607 (2010); J.
Mannhart, D.H.A. Blank, H.Y. Hwang, A.J. Millis, J.-M.
Triscone, MRS Bulletin 33, 1027 (2008); H.Y. Hwang, Y.
Iwasa, M. Kawasaki, B. Keimer, N. Nagaosa, Y. Tokura,
Nat. Mater. 11, 103 (2012); Y. Kozuka, A. Tsukazaki,
M. Kawasaki, Appl. Phys. Rev. 1, 011303 (2014).
[26] D. C. Tsui, H. L. Sto¨rmer, A. C. Gossard, Phys. Rev.
Lett. 48, 1559 (1982); T. Chakraborty, P. Pietila¨inen,
The Quantum Hall Effects (Springer, New York, 1995);
The Fractional Quantum Hall Effect (Springer, New
York, 1988).
[27] J. Falson, D. Maryenko, B. Friess, D. Zhang, Y. Kozuka,
A. Tsukazaki, J.H. Smet, M. Kawasaki, Nature Physics
11, 347 (2015).
[28] W. Luo, T. Chakraborty, Phys. Rev. B 93, 161103(R)
(2016); W. Luo, T. Chakraborty, ibid 96, 081108(R)
(2017).
[29] T. Chakraborty, P. Pietila¨inen, Phys. Rev. B 39, 7971
(1989); V. Halonen, P. Pietila¨inen, T. Chakraborty, ibid.
41, 10202 (1990).
[30] W. Luo, T. Chakraborty, Phys. Rev. B 94, 161101(R)
(2016).
[31] Z.L. Wang, Materials Today 7, 26 (2004); J.G. Lu, Z.Z.
Ye, Y.Z. Zhang, Q.L. Liang, Sz. Fujita, Z.L. Wang, Appl.
Phys. Lett. 89, 023122 (2006).
[32] T. Chakraborty, A. Manaselyan, M. Barseghyan, J.
Phys.: Condens. Matt. 29, 215301 (2017).
[33] T. Chakraborty, A. Manaselyan, M. Barseghyan, J.
Phys.: Condens. Matt. 29, 075605 (2017).
[34] S. Adachi, Handbook on Physical Properties of Semicon-
ductors. vol. 3, Kluwer Academic Publishers, New York
2004.
